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Abstract. The set A of nonnegative integers is called a basis of order h 
if every nonnegative integer can be represented as the sum of exactly h not 
necessarily distinct elements of A. An additive basis A of order h is called 
thin if there exists c > such that the number of elements of A not exceeding 
x is less than ex 1 /' 1 for all x > 1. This paper describes a construction of 
Shatrovskii of thin bases of order h. 



1. Additive bases of finite order 

Let N denote the set of nonnegative integers, let h > 2, and let (Ai, . . . , Ah) 
be an /i-tuple of subsets of No. We define the sumset 

A\ + ■ ■ ■ + Ah = {ai + • • ■ + a h : <n € A L for i = 1, ... , h}. 

The h-fold sumset of a set A of nonnegative integers is 

hA = A H h A . 

S v ' 

h terms 

The /i-tuple (Ai , . . . , Ah) is called an additive system of order h if _4i + • • • + = 
No. The set .4 is an additive basis, or, simply, a 6asis, of order h if /i_4 = No. If 
(Ai, . • • , .A/i) is an additive system of order h, then A = Uj=i -^i ^ s a basis of order 
h. 

For example, let a' 1} . . . , a' h be relatively prime positive integers, and let 

Ai = a[ * N = {a' % Vi : v, € N } 

for i = 1, . . . , h. There exists an integer C such that every integer n > C can be 
represented in the form n = a[vi + • • • + a' h Vh with V\, . . . ,Vh S No (Nathanson [8l 
Section 1.6], and so the set 

h 

A = [0, C - 1] U |J Ai 

i=l 

is an additive basis of order h. 

Let g > 2. We can use the g-adic representation of the nonnegative integers to 
construct another class of additive bases of order h. Let Ki, . . . , be subsets of 
N such that 

N = Ki U • • • U K h . 
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For i = 1, . . . , h, let T{Ki) denote the set of all finite subsets of Ki, and let 

A = £ : £fc € {0, 1, 2, . . . ,g - 1} and F € ^(/^) 1 . 
UeF J 

Then (^4i, . . . , Ah) is an additive system of order h and A — U»=i A ^ s a basis of 
order ft,. 

The counting function of a set „4 of integers is 

A{x)= J2 !• 



Ka<a: 



If .4 is a basis of order ft, then for all x € No we have 

y < /A(x) + h\ < (A(aO+A)> 



h J ~ ft! 
and so 

liminf^M > (ft!) 1 /". 

a;— -*oc x ' 

The basis .4 of order h is called a thin basis if 

hmsup : 77 < oo. 

£ — >oo ^ 7 

One of the first problems in additive number theory for general sets of integers con- 
cerned the existence and construction of thin bases of finite order (Rohrbach [TT]). 
In 1937, Raikov [TOj and Stohr [14] independently solved this problem. Using 
the 2-adic representation and the sets Ki — {k 6 No : k = i — 1 (mod ft)} for 
i = 1, . . . , ft, they proved that A = Uj=i A * s a thin basis of order ft. Many thin 
bases have been constructed using variations of the g-adic construction, for exam- 
ple, Cassels [2 2] [9] and Jia-Nathanson 6j. Recently, Hofmeister [5], Blomer pQ, 
and Schmitt [12] constructed other examples of thin bases. 

In 1940 Shatrovskii [13] described a beautiful class of thin bases of order ft that 
use the linear diophantine equation n = a[xi + ■ ■ ■ a! h Xh and do not depend on 
g-adic representations. This is an almost forgotten paperQ It has been mentioned 
in a few surveys of solved and unsolved problems in additive number theory (e.g. 
Stohr 15J, Erdos and Nathanson [3], and Nathanson [7j), but MathSciNet lists no 
publication that cites Shatrovskii's paper. This note provides an exposition and 
generalization of Shatrovskii's construction of thin bases. 

2. The construction 

Fix an integer h > 2, and define the positive integer 

1 



Then 1 + (1/fc) < 2^ h for all k > k . Let ri , . . . , Th be pairwise relatively prime 
positive integers, and arrange them in increasing order so that r*j < rj+i for i — 
1, . . . ,h — 1. Let P be a positive integer such that (i) P > — r*i, and (ii) if 



^Shatrovskii published his paper in Russian, with a summary in French. The transliteration of 
the author's name in the French summary is Chatrovsky, and this is the form of the name that ap- 
pears in Mathematical Reviews. I use the AMS and Library of Congress system for transliteration 
of Cyrillic into English. 
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1 < ' < j < 'i and if the prime p divides rj — ri, then p divides P. For every 
positive integer fc, we define 

(2) s iik =kP + n 

for i = 1, . . . , h. The inequality r\ < r 2 < ■ ■ ■ < r^ implies that, for all fc > 1, 

si,k < s 2,k < ■■■ < S h ,k- 

We define the integers 

h 

(3) Sk = Y\_ Sik 

i=l 

and 

S h 

(4) a l ,fe = = \\ S],k 

$i,k - -, 
J = l 

for i = 1, . . . , h. For all fc > 1 we have Sk > 2 h and 

0>l,k > &2.k > ■ ■ ■ > dh,k- 

Lemma 1. Define fc by Let r 1; . . . , be a strictly increasing sequence of pair- 
wise relatively prime positive integers, and let S\ k, . . . , Sh,k> Sk, and a\^, . . . , a^ k 
be the positive integers defined by and ([J), respectively. For all k > 1, 

(i) i/ie integers si,fe, . . . , s^fc are pairwise relatively prime, 

(ii) i/ie integers ai,fc, . . . , a^.fc are relatively prime, 

(iii) 5^ < Sfc+i and, if k > ko, then Sk+i < 2Sk- 

Proof. Let 1 < i < j < h. If (s^fc, Sj^) = d > 1, then d divides both s^fc and Sj t k, 
and so d divides sj t k — s; ^ = rj — r,. If p is a prime divisor of d, then p divides 
rj — r{ and so p divides P. Therefore, p divides both ri and rj, which is absurd, 
since (rj, rj) = 1. We conclude that si,fc, S2,fe, . . . , Sh,k are pairwise relatively prime. 
This proves (i). 

If gcd(ai ) fe, <22,fc) • • • > Q>h,k) > 1) then there is a prime p that divides a^k for 
all i = 1, . . . ,h. Since p divides a\.k, it follows from ([4]) that p divides Sj k for 
some j G {2, 3, . . . , h}. Similarly, since p divides Oj,fc, it follows from (j4|) that 
p divides s^k f° r some I ^ j. This is impossible, since (sj t k,S£,k) — 1, and so 
(ai.fe, a 2 , fe , • ■ ■ , a/»,fe) = 1- This proves (ii). 

To prove (iii), we use the inequality 

s i>k = kP + n < (fc + 1)P + r 4 = s a+ i 

for i = 1, . . . , h to obtain 5fe < Sk+i- Since (a; + z)/(y + z) < x/y if a; > y > and 
z > 0, it follows that for k > ko we have 

gq+x = (fc + ljP + rj < (fc + l)P = j + 1 < j + £ < 2 i/h 
Sj k kP + ri kP k ~ ko 



h 



and so 



Sk 1J r Sik \ ko, 
This completes the proof. □ 
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Lemma 2. Let {Sfcj^Lg be the strictly increasing sequence of positive integers 
defined by |3]). Choose a positive integer k% > fco- For every positive integer t, 
there is a unique integer £ t such that 

( 5 ) -Sfci+f* < ^jfej < S kl +e t -i+i- 

Then l\ = and the sequence {it}tZi is strictly increasing. 

Proof. We have S kl < 5^ < Sj^+i and so = 0. By Lemma U (iii), we have 
Sk+i < 2Sk for all k> k . Since S k > 2 /l for all k > 1, it follows that 

•Sfci < Skt+it+i < 2S kl +e t < 2 5| t < S 1 ^ 1 < Sk 1+ i t+1 +i 
and so ^ < ^t+i. This completes the proof. □ 

Lemma 3. Let n,...,rh be a strictly increasing sequence of pairwise relatively 
prime positive integers, let k > 1, and let si. k , ■ • ■ , Sh, k , S k , and a\. k , ■ ■ ■ , cih,k be 
the integers defined by @, and respectively. If 

{h - l)S k <n<L 

then there exist nonnegative integers v\, v 2 , ■ ■ ■ , vh such that 

ai,kVi + a 2 , k v 2 + h a h:k v h = n 

and 

L 

Vi < 

a>i,k 

fori=l,...,h. 

Proof. Since gcd(aij c , a.2,fc, ■ ■ ■ , a,h,k) = 1, there exist integers u±, u 2 , ■ ■ ■ , Uh, not 
necessarily nonnegative, such that 

Oi,fcUi + a 2 ,fcU2 + h a>h,kUh = n - 

For each i = 1, 2, . . . , h — 1 there is a unique integer 6 {0, 1,2,..., s^fe — 1} such 
that 

Vi = Ui (mod a*,*). 
Since 5* = ai tk Si ik for i = 1, . . . , /i, we have 

/i-i 

oi,fc«i + a 2 ,fcf2 H 1- < a,i t k{si,k -1) <(h- 1)5* 

i=i 

and 

n = ai, fc wi + a 2 ,fcu 2 H h a/j-i^U/j-i + a hjfc u,i 

h-1 



= + a 2 ,kv 2 H h cth-i,kVh-i + a h , k u h + ^ a,-,*^ - u,) 

i=l 

h-1 , V 
■v - I Ui — Vi \ 

= a ljk Vi + a 2 , k v 2 H h ah-i,kVh-i + a hik u h + S k 2_^[ I 

h-1 

= ai.feWi + a2,fc«2 H h a/t-i,feUft-i + a/i,fc"/i + a,h,kSh,k 



i=l 

a\ } kV\ + a 2 ,kV 2 H 1- a/,_i,fcV;i_i + afc,,jfc«ft 
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where 

h-l 



Vh = u h + s hk y i — — — ) g z. 



If n > (ft - l)S k , then 



h-l 

ah,kVh =n — aiVi > n — (ft - 1)5* > 



and so Vh > 1. For i — 1, . . . , ft, the inequality 



implies that 



< Oi.kUi <n<L 
L 



Vi < 

This completes the proof. □ 

Theorem 1. Let h > 2 and k\ > kg. Let r±,...,rh be a strictly increasing se- 
quence of pairwise relatively prime positive integers, and let s± t k, . . . ,Sh. k , S k , and 
ai^k, ■ ■ ■ , dh,k be the integers defined by ^fy, and (01, respectively. Let {£t}t^o 
be the increasing sequence of nonnegative integers defined by ([5]). Fort > 1, let 

t/AA / ■ 1 , .C 1 " l)5 , fe 1+ f t+1 
V(t) = < a iikl +£ t Vi :i = l,...,h and 1 < v < 

L 0>i,k+lt 

The set 

oo 

A = [0, (h - l)S kl ] U |J V(t) 
t=i 

is a thin basis of order ft. 

Proof. Since G A, we have [0, (h-l)S kl ] C A C ftA Recall that £i = 0. By Lem- 
mas[T]and[2j the sequences {5fe}^L fci and {£t}tZi are strictly increasing. Therefore, 
for every n > (h — l)S kl there is a unique positive integer t such that 

(ft - l)5fc 1+ ^ t < n < (ft - l)Sjt 1+ ^ +1 . 

By Lemma [31 the linear diophantinc equation 

a>i,ki+t t vi + a 2 , kl +e t v 2 H h a hM +i t v h = n 

has a solution in integers t>i , . . . , Vh satisfying 



< Vi < 



(h - l)S kl +e t+1 



ai,ki+e t 

for i = 1,2, ... ,h. Since <ij ki+£ t v i £ {0} U V(t) C „4, it follows that n G ft..4 and so 
A is a basis of order h. 

Next, we prove that the basis A is thin. For all £ > 1 there is a simple upper 
bound for the cardinality of the finite set V(t): 

iyM\ < (ft- - l)S kl+ e t+1 ^ ft(ft - l)S kl +e t+1 

Let A(x) be the counting function of the set A. For x > (h — l)S kl , there is a 
unique positive integer t* such that 

(h - l)S kl+ i t , <x<(h- l)S kl+ i t , +1 . 
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Using properties of the sequence {£t}^i, we obtain 
A(x)<A{(h-l)S kl+it , +1 ) 

<(h-i)s kl +Y h{h - 1)Ski+e ^ + y fe (fe-i)g fcl+<t . +1 

h(h - i)si +1 ~ - ns 1 ' 



< +1 



t* at oo at* \ 



< h (h-i)s kl (i + y^±^+ y ^i±hi+i) 
<2h(h-i)s kl (y^±^+ y ^i±hi\. 

We evaluate the sums separately. Let t > 1. Since P > Th — T\ and k\ + l t > 
ki > fco, we have 

ShM+h = (fci + t t )P + r fe ^_ 1 1 < 21/,, 
si,fei+£ t (fci+^)P + ri fci+^t 

and so 

ShM+Zt < 2 1 '' l Si,fei+4- 
For all positive integers /c, we define 

Cfc = S\ /H . 

Then cr fe > 2 since S k > 2 h . 

The inequality (/i — l)S'/ Cl _ ! _£ t , < x implies that 

a kl+lt , < (h - l) 1 ^ a kl+it , <x x l h . 

We have 

S kl +i t = & kl +e t < S ki = o k \ < S kl+it+ i < 2S kl+it = 2cr£ i+£t 

and so 

<y kl +i t < v kl < 2 1/h <7 kl +i t - 

Similarly, the inequality 

s iM+tt < Ski+e t < 3 h, kl +Zt 

implies that 
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This gives an upper bound for the first sum: 

t* t* 



£-^ = £ SMi+4 < 2 v^ 1+ , t 

t=o ah M+it t=0 t=0 



t* + ! _ 1 ~ 

J- 



<2 1 /' l ^ ( 7* i =2 1 ' h 
t=o 

< 2 • 2 l ' h at < 2 • 4 1 / ft 

< 4x 1 /' 1 . 



We used the fact that S kl > 2 h and so a kl > 2. 

To obtain an upper bound for the second sum, we observe that 



and so 



Then 



1 2( /l - 1 )/ /i 



< 



^ t(h-l) ' 

a k 1+ e t ° kl 



s hM+tt 



oo ~ oo 

E |^ = ^ + v E s 

t=t . +1 «fc,fei+4 t=t . +1 b kl +e t 



OO 



2 1/fc *w E 3 



< 2 1 / 71 S fcl+ / t . ^ — FT^T— 

t=t* + l 

00 2(' 1 " 1 )/' 1 

< 2 1 / 71 S fcl+ / t . t(h-i) 

t=t*+i ""fei 

oo 1 

= 2S fcl+ / t . E -*(h=i) 
t=t*+l % 

no / \ 

25 fcl+ £ t , / ° kl \ 



< 



ff+i)(h-i) 



< 



We conclude that 



A(x) < 24h(h~l)S kl x 1/h 
and so A is a thin basis of order h. This completes the proof. □ 
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